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A quaternionic field over the rationals contains three quadratic subfields with 
a compositum genus relation of the type described in the author’s paper in Volume 
9 of this journal, involving the representation of a prime as norm in these sub- 
fields. These representations had previously been only partially explored by the 
transfer of class structure from the rational to the quadratic fields. Here a full 
exposition is given by constructing the Artin characters when the subfields 
are &p(2’/2), Q(q’/*), and Q(2q)lie (q prime). A special role belongs to q =- 
A2 $ 32F. 
6. INTRODUCTION 
A quaternionic field over the rationals is a nonabelian field of order eight 
with the quaternionic group as Galois group. Unlike the dihedral group it 
has three quadratic subfields which are interchangeable under automorphisms 
of the group so as to make possible a symmetric “compositum genus” 
relation of the type described in the earlier part [12] of this work. The idea is 
to show that norms in these subfields are interrelated through the existence 
of the larger nonabelian field. For instance, in this paper the fact that 
Q(21/2), Q(31j2), Q(Sj2) are contained in the quaternionic field kf = 
Q((2 + 21j2)(3 + 61j2))lj2 explains the following new result on representations 
of a prime p (>O): 
! 
p = j xc - 72y12 ; 
1 1 
p = 1 522 - 48j12” I 
x1 = +l(mod 8) o x, = f(1 --t 6y,)(mod 12) t 
I p = ! x2* - 24~~~ i * x3 = .+ 1, &5(mod 24) (6.1) 
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If we ignore the congruence conditions, the representation of p by forms 
gives a traditional result, namely that there are three different ways of stating 
that p splits completely from Q to k4 = Q(21j2, 39, via 4(2l9, Cl?(31j2), or 
QLI(~I/~). Equivalently, the representations by forms alone would state that 
p 5 &l (mod 24), (see Section 2). For p to split further (in the nonabelian 
field kf), congruence conditions on p cannot suffice. Instead, the Artin 
characters involve congruence conditions on the xi and the yi, which we 
proceed to derive with some mild degree of generality. 
If we consider k, = Q(21r2, q1i2) for a fixed positive prime q = 3 or 1 
(mod S), a quaternionic field k,H will indeed exist over k, (and for no other 
prime q, see Section 7). We obtain the following analogue of (6.1): 
q = 3 (mod 8) 
pzl = / xl2 - 8q2y12 /
(2/x,) = 1 I I 
o p= = 1 x22 - 16qys2 j 
(4/x2) = (- 1Y2 I 
q = 1 (mod 8), q # A2 + 32b2 
f 
pzl = j x12 - 2q’Ly,2 / pz2 = ) x2’ - 16qy,’ j 
cv-4 = S(Yl) k/x2) = (-1Y 
(6.3) 
q E 1 (mod 8), q = A2 + 32b2 
when p = 1 xl2 - 2q2y12 I = 1 x22 - 16~2~ ) = 1 ~3" - 2qys2 I, 
w-d = ~(Y1)(-1)“‘3 * {(q/x2) = (-1Pl 
* w/%~ = ~(Y3(---I)ys~ (6.4) 
whereS(y) = 1 if4jyand -1 if4Yy. 
Here the zi (in pz* = 1 xi2 - Di yi2 I) are integral constants defined 
generally, (even if q = A2 + 32b2), by 
zi = h(4D,)/2 (6.5) 
where h(df2) is the (weak) class number of the (indicated) ring of order f 
in the quadratic field of discriminant d. (We always assume primitive represen- 
tations, p +’ xiya). The Table III (below) indicates that it is not unusual to 
have all .zi = 1, as in (6.1) for small q, and this is explained by Theorems 8.3 
and 8.6 below. 
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While quaternionic fields are now a subject of revived interest for varied 
reasons (see e.g. [17]), problems involving the quadratic forms apparently 
have been neglected. Actually Rosenbltith [19] had noted the relation of the 
splitting of p with the residuacity of the xi as an application of the “transfer 
methods” (see Section 9 below), but the Artin characters for the splitting 
from k, to kf’ are calculated here for the first time and are seen to involve the 
residuacity of the xi and yi as well (and fortunately nothing worse in a large 
number of cases). It is strange that the transfer methods were previously 
applied most successfully by Taussky [20] and Kisilevsky [I 61 starting one 
level higher, in finding the quaternionic Hilbert class fields over quadratic base 
fields instead of rationals. 
We shall establish the residuacity relations in (6.2)-(6.4) by establishing 
Artin characters for certain quaternionic fields over their biquadratic subfields 
In the process, it will become natural to establish the characters for other 
fields of degree 8, the dihedral and the abelian C(2) .< C(4). 
7. CONSTRUCTION OF QUATERNIONIC FIELDS 
For a quaternionic field kf (over Q), Gal kf/Q = H, the quaternionic 
group (S, , S, I S,” = Sz4 = S12S2 = 1, S,S,S;’ = SF’:). Such a field has a 
biquadratic subfield k, and three quadratic subfields kzi such that 
kf 1 k, = uIJ(D:‘~, 01,“) 3 k2i = Q(D:‘~) 3 IQ (7.1) 
where D,D,Ds is a perfect square. All the subfields of kf are shown in (7.1) 
and are normal. The automorphisms of H which interchange the k,i are what 
make the quaternionic fields more elegant than the contrasting dihedral 
field k,D and abelian field k,A (of group C(2) x C(4)) which appear soon. For 
the quaternionic field Gal kf/k,i = C(4) for each i = 1, 2, 3. but this is not 
true for the other fields. 
Witt’s classic paper [21] provides a criterion for the existence of quater- 
nionic fields, and, in the present context a practical construction. A field k# 
exists over k, = Cl!(D~‘“, 0:‘“) exactly when 
D,u12 + D,uz2 + ua2/D,D, = cl2 + L.,” ~- ux2 (7.2) 
for ui and ui related by S&(Q). Indeed if uj = C aijv, for aij E Q, then 
k# == k,($‘*), CL = r(1 + a,,D, + a,,D, + a,,/D,D,) (7.3) 
for some r E Q*. We restrict “the” quaternionic extension to mean the one 
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where r is chosen to make ~1 totally real and to make the field discriminant 
a minimum. The equivalence in (7.2) means 
(a 3 D2)v = (--1,4D,), (7.4) 
over finite and infinite primes p. If D, = 2, then the only prime values of 
Dz = q are ~1 or 3 (mod 8). With these values of D, and D, we can validate 
(7.2) by choosing 
where q = A2 + 2B2. Then we obtain from (7.3) suitable values 
5 = 2 + 2112, q = q + N2q)“” (7.6) 
for the generators of three fields in kls = Q([@, +2), 
k: = Q(/.L~‘~), k,A = Q(t”‘), k,D = cQ($‘~) (7.7) 
quaternionic (H), abelian-C(2) x C(4) (A), and dihedral (0). 
We note that 77 has superfluous factors which do not enter the discriminant, 
i.e., Nq = qA2 over ks3 . A neater result is sometimes possible. If we can 
solve (in integers) r12 - d,Ur2 = -4 and T22d, - U22d2 = -4 (di = 
disc k2,), then we can take .$ and 37 as 
L, = UJ4, + T,d:‘3/2, q, = (U2d2 + T2d;‘2d,‘2)/2 (7.8) 
without superfluous factors. This is always possible when q = 3 (mod 8) but 
not always when q = 1. 
This raises the further question of what diophantine conditions (on D, 
and D,) make possible the imbedding (7.7). The fields k,A and kf are not 
unique for kf (any more than the fields kz2 and k,, are unique for any given 
k,,), but the Galois imbedding is unique. There is only one Gal k,/Q where 
k,, nontrivially (#k,H x k,) contains kf as a subfield. (This we learn from a 
list of groups of order 16, see [I 11). Specifically, Gal k,,/Q = <S, , S, 1 
Sr4 = S24 = 1, S,S,S;-’ = SF’), and H is obtained as homomorphic image 
under S12 = S22. The groups D = Gal kf/Q and A = Gal kt/Q are obtained 
under S12 = 1 and S22 = 1 respectively. (Here S, , S, , and S,S2 have k,, , k,, , 
and k,, as fixed fields). 
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8. INVARIANTS OF THE BIQUADRATIC FIELD 
We narrow our attention to the situation where 
k,, = Q(2’q, k,, = Q(q1’2), km = Q(2qY2 (8.1) 
for (positive prime) q = 3 or 1 (mod 8). The composite biquadratic 
k, = k,, x k,, x k,, has disc k, = n disc k2i . From this we conclude that 
fi = (diff k.,/kzi)2 = cond kJk,i (with obvious abbreviations for “dis- 
criminant,” “different,” and “conductor”). With d, = disc k,,/Q, the above 
data appear in Table II. (Note the forms are &(-xi2 - difi2yi2/4) and 4 always 
divides dih2). 
In addition to h(df2), the weak class number, we use the notation h+(df2) 
for the strict class number, which refers to the class structure of quadratic 
TABLE II 
Characters” 
-. 
k,, = Q(29 k,, = QW) k,, = Q(2q>“* 
prime q = 3(mod S), q = AZ + 2B*(B odd) 
(4D=)d. f” 8 . C%Y 4q .42 84 . 22 
Dirichlet c&b); (-q/P), (--lip) (-q/P); (-l,‘P) . (2,‘P) (--2hJ), (--4.p); C-1 ‘P) 
Char. C(2) x C(2) C(2) x C(2) C(2) ZK C(2) 
1 = Oh) = WP) +(x2 - 8q2ya) i (x” - 16qyY &(x2 - 8qyz) 
Artin kf && aq’l &da 1641 &mL% 8ql 
Char. k,R &t2, 8q21 X0& 164 X&, %I 
k,D Xc&, %*I &J’&, IQ1 &k aql 
_- 
prime q = l(mod 8), q = A2 + 2B2 (B even, n = B/2 mod 2) 
(4D=)d. f” 
Dirichlet 
Char. 
1 = (2/P) = (4/P) 
Artin 
Char. 
8 . yz 
WP); (q’p) 
C(25) * 
&(x2 - 2sw 
k,H X,&C WI 
k,” X1&% a81 
k,D Xd, WI 
q 82 
(q/P); (2.‘PL (- l/P,) 
C(2) 4 C(2) 
&(x2 - 16qy”) 
Xods, 1641 
x,,P, 1641 
&Pq, 1641 
8q. 1’ 
WP), b@); 
c(25)* 
&(x2 - 2qyy”) 
-Gam, &I 
x,oP, &I 
x,7&h 241 
0 The forms &(x8 - Dy2) represent powers of p (see Section 6 above). The characters 
X in the line for each k,, are all equal to 1 for the total splitting of p, (which already splits 
in k&. Here the ti = 2 when II = I and are > 2 when n = 0 (see Section 8 above). 
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forms under composition. Also U(df2) refers to the integer ring of indicated 
discriminant and conductor. Then h+(aj”) =h(df2) if and only if the ring 
O(@?) has a unit of norm -1, i.e., E,, = x0 + (df2)1/2y,/2 exists for x,, , y0 
integral and (NE, =) xo2 - df2y,2/4 = - 1. In this case the forms 
&(x2 - df2y2/4) are equivalent and counted as one form in the class structure 
of forms (see Remark 8.8 below). Otherwise h+(df2) = 2h(df2) and we count 
the + forms as distinct. In either case h(df2) is the number of distinct forms 
“modulo &.” If we consult the Dirichlet genus characters for h,(df2) (see 
Section 2 above) in Table II we see that h(df2) corresponds to a 2-class 
structure which is always cyclic C(29. (Note the characters for d precede the 
semicolon and those forffollow it). Fortunately a cyclic group has only one 
subgroup of index 2, so for an arbitrary prime p we can say that p splits 
from Q to k4 if and only if 
ph02W = / x2 - df2 y2/4 j 63.2) 
where df 2 of course refers to one of the intermediate quadratic rings and 
fields. (Compare, e.g., Corollary 2.6 above). 
THEOREM 8.3. In the cases of Table II, h(df 2)/2 is always odd except where 
q = A2 + 32b2 and (see *) kzi = k,, or k23 (and there it is aIways even). 
ProoJ: We proceed from the formula 
Nf “4/W> = f n (1 - (d/r)lr)lE (8.4) 
where (primes) r ) f and the unit index E is the first power of E (the funda- 
mental unit of Q(d1j2)) for which l E U( f 2d). 
q = 3 (mod 8): h(4q) = odd, h(8q) = 2 odd (by genus theory, also see 
[18]). It is easily seen that 
k,,: (1 + 21/2)(*+1)/2 = q odd + 2 . 2112 odd 3 E = (q + l)/odd (8.5a) 
k,,: U22 - qVz2 = -2, E = (U, + V,q’l”)“/2 3 E = 2 (8Sb) 
k2g qUS2 - 2Vz2 = 1, 6 = ml II2 + VJ1/2)2 =s E = 1 (8.5~) 
q 3 1 (mod 8) q f A2 + 32b2: h(q) = odd, h(8q) = 2 odd (if q = 
A2 + 32b2, then by [15], 4 1 h(8q)). This disposes of k23 . For k,, , proceed 
as before with E = 4U2 + V2q1j2, so E = 2. Finally, for k21 , first recall 
from [lo] that 1 + 21/2 is a quadratic nonresidue of q, i.e., (1 + 21/2)t~--I)/2 = 
-1 (mod q). Thus (1 + 21/2)(9-1)/4 = qu + 21r2v and E = (q - 1)/(2 odd). 
(If q = A2 + 32b2, 1 + 21/2 is conversely a residue and E 1 (q - 1)/4). 
We welcome the fact that zi is reasonably small for small q (see Table III), 
A partial explanation follows: 
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TABLE III 
Exponents” 
405 
q s 3(mod 8) y  = l(mod 8) 
3 1 1 1 17 1 1 1 41 2 1 2- 
11 1 1 1 73 1 1 1 113 2 1 4- 
19 1 1 1 89 1 1 1 137 4- 1 2- 
43 1 1 1 97 1 1 1 257 2 3 2 
59 3 1 1 193 1 1 I 313 2 1 2- 
61 1 1 1 233 1 1 1 337 6 1 2 
83 1 1 1 241 3 1 1 353 8 1 2 
107 1 1 1 281 1 1 1 409 2 1 2- 
131 1 1 1 401 15 1 457 2 1 2- 
139 1 1 1 433 1 1 1 521 4- 1 2- 
163 1 1 3 449 1 1 3 569 4-- 1 2- 
179 5 1 1 601 5 1 1 577 18 7 2- 
a The exponents zi = h(d#)/2, from Table II, are those used in (6.23-(6.3). When 
q = A3 + 32P (and only then) units of negative norm are possible in the rings, (i.e.. 
xl2 - 2qz.v,* z -1 or .x3 a - 2qys2 = -I), and this is indicated by ‘*zLm ” or “zQ-“. 
THEOREM 8.6. When q = 3 (mod 8) if q + I = 4 prime, then z1 = I. 
When q - 1 == 2t prime for t = 3, 4, 5, or 6, then z1 -= 1. 
Proof. In calculating E, the question is whether we can have q ; A, 
where (1 + 21/2)2t = At + Bt21j2. But At = 1 + (2Bt_1)2 = 2Af, - 1 so 
this excludes q = 3 (mod 8). For q = 1 we verify that A, = 3, A, = 17, 
A, = 577, A, = 665857, (all prime). 
THEOREM 8.7. In all of the rings O(f2d) occurring in Table 11, the funda- 
mental unit has norm + 1 so 2h( f 2d) = h+( f 2d) and the forms &(x2 - f 2 dy2/4) 
are inequivalent, with exceptions sometimes present in cases k,, and k,, 
(shown in Table III by “-“) when q = A2 + 32b2. 
Proof This follows from the proof of Theorem 8.3, but we must refer to 
[ 151 for a fuller discussion on k,, . (It is known only that if 4 = A2 + 32b2 =z 9 
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(mod 16) then we can always solve x0 2 - 2qyo2 = --I). For k,, we again use 
the residuacity of (1 + 2’/3 modulo q. 
Remark 8.8. Since the quaternionic field kf is real, class field theory will 
not permit any distinction between positive and negative forms. The dis- 
tinction can be made only by (say) taking a Cartesian product with Q(i). 
We do not pursue this matter here, but it would merely limit the equivalent 
representations in Section 6 to p z 1 (mod 4). (This would indeed force the 
+ sign to replace the absolute value in Table II, except for the * cases). 
Remark 8.9. The forms for which p is inert from kzi to k4 are easily 
parametrized for q E 3 (mod S), (but unfortunately only in this case). For 
i = 1,2, 3, they are (respectively) 
&(4x2 - 4xy - (2q2 - 1) y”), &-(4x2 - 16~3, f(qx2 - 8y2) (8.10) 
9. TRANSFER OF IDEAL CLASSES 
In a tower of fields K 3 k 3 Q, where K and k are normal and each stage 
is abelian, the ideal class structure moduloffor k/Q (f = cond k/Q) transfers 
into the structure modulo f for K/k (f = cond K/k). For simplicity we quote 
only the results as required when k = kzi and K = kf or k,D . 
THEOREM 9.1 (Hasse [14]). Let k = Q(d1/2) andlet K (Ik) be quaternionic 
so Gal K/k = C(4). Let the extensions K/k and k/Q correspond to ray class 
groups J and j with ideal cosets in k and Q as follows: 
K/k t-) {J, JC, JC2, JP}, (C* = J) (mod f) (9.2a) 
k/Q +-+ UA, (c” = j) (mod f) (9.2b) 
Then, with the imbedding of k in K, j imbedr itself in J andjc in JC2. Furthermore 
if K were dihedral instead, with k chosen as the (unique) quadratic subfield 
for which Gal K/k = C(4), then both j and jc would imbed themselves in J only. 
(The process of course is restricted to ideals relatively prime to f andf ). 
THEOREM 9.3. For the cases covered in Table II, 
cod ki?kai = I 
2D? & q = 3 (mod 8) (9.4a) 
z q E 1 (mod 8) (9.4b) 
where Di = difi2/4. 
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Proof. It is a straightforward application of the conductor-discriminant 
theorem of Hasse [13] to see 
cond kt/kzi = diff k,lkzi (diff kf{k$. (9.5) 
Since k,/Q is C(2) x C(2), diff kl/kzi = (Si+18i+2/Si)1/z where ai = diff k,JQ 
(indices cyclically permuted), and ai = dt . All that remains is now diff kf/k, . 
We note how 2 and 4 factor in k4 and contribute (nonsquare) ideals to p 
(see (7.6)) as follows: 
(2) = A”, (9) = 41 * (PI 1 91 q = 3 (mod 8) (9.6a) 
(2) = 212222, (4) = 412422 * t/4 1 w291q2 q = 1 (mod 8) (9.6b) 
(where “ =2” denotes equivalence to within ideal square factors). We easily 
see that diff kf’/k, = 2 .2,2,q,q, in (9.6b) (since the ramified 2-primes are 
of order 1). We may, however, conclude for now only that diff kf/k, divides 
2q, in (9.6a), since we have not yet checked the residue classes (mod 4) of all 
odd generators of kf. (We shall complete the proof with Remark 10.11 below, 
but until then all we shall need is that cond kf/k2a divides the value in (9.4a)). 
10. CHARACTERS 
We consider the ring 0, = {x + yD1j2 / x, y E Z> for (fixed) D even but 
not necessarily square-free. Within 0, we define the semigroup gr, where 
(x, D) = 1. We use the same notation “cond Do)’ to denote the conductor 
of the symbol (D,/x) (for D, variable), or 
cond D, = disc Q(D’,‘“) = cond Q(D’,‘“)/Q (10.1) 
We assume D and D, to be positive. Thus the symbol (Do/x) is symmetric 
(Do/x) = (Do/-x) = (D,/cond D, & x). (10.2) 
We also require some half and quarter period relations 
(2/X + 2Y) = (2/X)(- l)(X-+Y)/2 
(2/X + 4Y) = (2/x)(-y 
(since cond 2 = 8). Also, for M (>O) odd 
(M/X + 2MY) = (M/X)(- l)y(*f-l)P 
(10.3a) 
(10.3b) 
(10.3c) 
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THEOREM 10.4. The following symbols represent characters defined on 
01 = x + yDV E 9, if D, is a positive integer containing only primes in D 
(i.e., D, j Dt for some t): 
GO &JDo y DIG4 = (Dolx)(-~l)yn 
tf and only tf cond D, 1 D. 
tf and only if0 = D, E 2 (mod 4). 
THEOREM 10.4~. The character X&D,, , D] for$xed D is defined modulo 2 
on m and n and to within squarefree factors on D, . (Of course we must assume 
D E D, = 2 (mod 8) if case m = 1 is to occur). Then 
(removing square factors from DOD, as required). 
THEOREM 10.5. Conversely, the only real characters X(a) on PJr, which 
reduce to (DO/x) when y = 0 (mod 4) are the X,, . In fact, m and n are deter- 
mined by 
X(1 + 2D112) = (-l)“, X(1 + D1j2) = (-l)n. (10.6) 
The proofs of the above theorems require a persistent application of 
(10.3abc). In principle all these results are finitary. For Theorem 10.4, we use 
the identity 
C-1) fW’f(Y2) (D,,/x,x2) = (- l)f(SIYB+LFawl) (DO/x,x2 + Dy, y2) (10.7a) 
where X,, is written in any case as (- l)f(“)(D,Jx). Then we need only check 
values of y (mod 4). For Theorem 10.5, 
01 = (1 + D1/2)2(1 + 2D112) = (1 + 5D) + 4D1t2(2 + D)/2 (10.7b) 
so by taking X(a) we obtain (-1)” = (D,/l + D) which leads to the 
dichotomy of Theorem 10.4ab. For an arbitrary 01 = x + yD112, however, 
the transformation 01 + a(1 + D1/z)t will by choice of t satisfy y c 0 (mod 4) 
so the value of X can be deduced from (DO/x) for each y. 
Remark 10.8. Note that (6.1) uses the characters Xo0[2, 721, X,,[3,48], 
X,,[6, 241 in succession. More generally, for (6.2-4), Xmn[Do, D] = 
(DO/x) S( Y)~(- l)m+yn. 
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THEOREM 10.9 (Main result). Table II gives the Artin characters for 
k% , kifik, , k,Dlk, , which express by “X = 1” the condition that a prime p 
(as restricted by (6.4) if q = A2 + 32b2) already split in k, will split further 
in the octic Jield. 
Proof. We begin with k,A which is simplest since it is abelian. For p to 
split completely merely requires the total splitting in Q(2 + 21/2)1/2, (see (7.6)), 
or that p := &I (mod 16). This leads only to congruence relations on x and 4’ 
which are easily checked. For example, for df 2 = 8q*, p = &(x2 - 2q2y2) so 
p5 -&l (mod 16) exactly when x z &l (mod 8) and y + 2 (mod 4) or, 
equally well, x z 13 (mod 8) and y = 2 (mod 4). In either case 
X,,[2, 2q2] == 1 as required in Table II. 
Next consider kf. Here we must invoke Theorems 9.3 and 10.5 to see that 
the characters must be X,,,[D, D] or X,,[D, D] (where the * occurs) according 
to the discriminants, but the problem is to determine N in each case. (Square 
factors are of course removable from thefirst argument D). 
First take q = 3 (mod 8). The characters for k,, and k,, are easily deter- 
mined by testing the units in gD from (8.5bc) in each case. (A unit must 
necessarily have Artin character =I, and luckily, these units have odd .v). 
To dispose of k,, , consider what would happen if kf had character X,,, 
(instead of the correct value X&J. Then, by Theorem 10.4c, kf would have 
X,,[l, 8q2], which is identically 1. This would mean all primes splitting in k, 
must split in k,D (contradiction). 
So from now on take q = 1 (mod 8). We consider first k,, . If the character 
of kf were X,,[q, 16q] (and not X,3 we should find that 16q1i2 would not be 
the conductor as required in (9.4b), but 8q1i2 would suffice. Then the trans- 
formations Y -+ 31 t 8q1j2(1 + q112)/2 and LX -+ .Y -- 8q1/” would then leave 
X,,[q, I6q] unchanged (contradiction). 
Next consider the fields k,, and k,, under the condition q :== A2 -+ 32b2. 
Then k,“/k, is even-unramified since q = 1 (mod 4) in (7.6) and cond k:/k,, 
(i _ I, 3) is incapable of having any even factor not already in cond k4/k2i 
Thus the characters X,,, (of k,D) for k,i are free of “residues (mod 2),” i.e., 
N =: 0. We then go from kf (and k,A) to kf. 
The preceding argument is reversible. If N = 0 in the character X,,, of k,D 
over k,, , then since X,,[l, 2q2] is identically 1, the primes p represented by 
i(x” - 2qz.P) which split to k, must all split to ki. Hence there must be 
other (nonprincipal) forms splitting to k, forming a subgroup of order 
divisible by 4 in the weak class structure. Thus h(8q) m+ 0 (mod 4) and q ==: 
A2 + 32b2, (compare Theorem 8.3). For k,, the reasoning is similar. When 
N = 0, (i.e., X,,, is the character of kf), then k,D/k23 is a ray class field with 
(odd) conductor q1j2, from (9.6b). But then the conductor of kt/k21 is q and 
the character is identically I. Thus we are lead back again to N == 0 for k,, 
and, again. q == A2 $- 32b2. 
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Remark 10.10. The weak form of (6.4) was required since with z1 and z3 
now even, the determination of the characters of kf (above) is no longer valid, 
(i.e., pz s f 1 (mod 16) does not imply p = f 1 (mod 16) when z is even). 
Remark 10.11. We can finally verify that cond kf/kEi = 2DiJ2 in 
Theorem 9.4a. If the conductor were smaller in its even part, it would have to 
divide 21J2D:/2. Thus, e.g., in the case k,, when q = 3 (mod 8), the conductor 
would divide 4q (rather than equal 4q21jz). Because the character &,[2, 8q2] 
depends only on x, we obtain a contradiction since x then is not determined 
module 8. 
Il. CONCLUDING REMARKS 
Clearly, the proof of the main result is a patchwork of special arguments 
which only suggest the need for a more direct determination of characters, 
perhaps by a method applicable to the most general quatemionic field over 
the rationals. 
Actually, the discovery of the characters X., was the result of a computer 
search. This search included other types of quaternionic fields, and the 
results seemed to follow Table II when disc k,/Q is even. With d = disc k2 
and f = cond kJk, , and with cyclic two-class structure of the ring 0(dj2), it 
was observed that the primes p represented by 1 x2 - df2y2/4 ( (which split 
up to k4) will split to kf if and only if X&d, df”] = 1, where 
m = 0, n = 0 - df 2 = 25 odd 
m = 0, n = 1 o df 2 = 26 odd 
m=l, n=O*df2=230dd, h(df2)=O(mod4) 
(11.1) 
m = 1, n = 1 9 df 2 = 23 odd, h(df2) I 2 (mod 4) 
The cases where disc k, is odd could be much easier or very troublesome! 
For instance, consider k4 = Q(q112, r112) for odd primes q and r. Then e 
exists just when q = r = 1 (mod 4) but cond kf/k4 is not necessarily odd. 
When it is odd, we have the analogous character (D/2x + y) for the forms 
j-((2x + y)” - Dy2)/4. For even conductor, however, congruence conditions 
seem to be more difficult. 
ERRATUM 
In Part I [12] Eq. (5.3) should read 
E/E* = 03 P t (0 < t < 2). (5.3) 
QUATERNIONIC COMPOWTUM GENUS 411 
ACKNOWLEDGMENT 
The author is indebted to the Computing Center at the City College of New York for 
the use of the IBM 360-50. 
REFERENCES 
10. P. BARRUCAND AND H. COHN, Note on primes of type ;Y? -C 32-v?, class number and 
residuacity, J. Reine Angew. Math. 238 (1969), 67-70. 
Il. W. BURNSIDE, “Theory of Groups of Finite Order,” pp. 145-146, Cambridge Univ. 
Press, London, 1911 (Dover reprint, New York, 1955). 
12. H. COHN, Rational compositum genus for a pure cubic field, J. Number Theory 9 (1977), 
247-257. 
13. H. HASSE, Ftihrer, Diskriminante, und VerzweigungskGrper relativ-Abelscher Zahl- 
kiirper, J. Reine Angew. Math. 162 (1930), 169-184. 
14. H. HASSE, Invariante Kennzeichnung relativ-Abelscher Zahlkijrper mit vorgegebener 
Galoisgruppe iiber einem Teilkiirper des Grundkiirpers, Abh. Deutsch. Akud. Wiss. 
Berlin Kl. Math. Phys. Tech. (1947); Akademie-Verlag, Berlin, 1949. 
15. P. KAPLAN, Sur le Zgroupe des classes d’idkaux des corps quadratiques, J. Reine 
Angew. Math. 283/4 (1976), 313-363. 
16. H. KISILEVSKY, Number fields with class number congruent to 4 mod 8 and Hilbert’s 
Theorem 94, J. Number Theory 8 (1976), 271-279. 
17. J. MARTINET, H,, in “Algebraic Number Fields: L-Functions and Galois Properties” 
(A. Friihlich, Ed.), pp. 525-538, Academic Press, New York, 1977. 
18. L. REDEI AND H. REICHARDT, Die Anzahl der durch 4 teilbaren Invarianten der 
Klassengruppe eines beliebigen quadratischen Zahlkijrper, J. Reine Angew. Math. 190 
(1934), 69-74. 
19. E. ROSENBLUTH, Die arithmetische Theorie und die Konstruktion der Quaternionen- 
karper auf klassenkarpertheoretischer Grundlage, Monatsh. Math.-Phys. 41 (1924), 
85-125. 
20. 0. TAUSSKY, Hilbert’s theorem 94, in “Computers in Number Theory” (A. 0. L. Atkin 
and B. J. Birch, Eds.), pp. 65-71, Academic Press, New York, 1971. 
21. E. WITT, Konstruktion von galoisschen Kijrpem der Charakteristik p zu vorgegebene 
Gruppe der Ordnung pf, J. Reine Angew. Math. 174 (1936), 237-245. 
